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In a study of the quasinormal mode frequencies of nearly extremal black holes, we pointed out a
bifurcation of the mode spectrum into modes with finite decay and modes with vanishing decay in the
extremal limit. We provided analytic and semi-analytic results identifying which families of modes
bifurcated, and when modes with finite decay rates exist when approaching the extremal limit. In
a recent note [1], Hod suggests that additional modes asymptote to finite decay at extremely high
spin parameter, based on past work by Detweiler. We search for these suggested modes and find
no evidence of their existence. In addition, we point out an inconsistency in the derivation of the
proposed modes, which further indicates that these damped modes do not exist.
I. INTRODUCTION
In the studies [2, 3] we discussed the existence of two
distinct families of quasinormal modes (QNMs) of nearly-
extremal Kerr (NEK) black holes. In the Schwarzschild
spacetime, the QNM frequencies at fixed angular quan-
tum numbers (l,m) are indexed by an overtone number
n, and have monotonically increasing decay rates with
increasing n. As the angular momentum of the black
hole is increased, the QNM frequencies move around in
the complex plane. For nearly extremal black holes some
of these QNMs asymptote to finite frequencies and decay
rates, while others approach the critical frequency for su-
perradiance ω = mΩH +O(
√
), where ΩH is the angular
frequency of the horizon,  = 1 − a  1 in the regime
of interest, and a is the spin parameter of the black hole
(here we set G = c = M = 1). In particular, the decay
rate of these modes vanishes in the extremal limit, and we
called them the zero-damped modes (ZDMs). We found
that whether or not some overtones remain damped in
the extremal limit depends on the angular quantum num-
bers of the mode. Defining µ = m/(l + 1/2), the condi-
tion in the high-frequency limit is µ < µ∗, with µ∗ ≈ 0.74.
This condition is approximately obeyed at lower frequen-
cies as well [2, 3].
In his note [1], Hod suggests that even in the case
µ & µ∗, modes with finite decay exist in the limit → 0.
His argument is based on the original analysis of De-
tweiler [4], which in fact predicts a finite decay rate for
all modes (see e.g. [5]), and gives a different prediction for
the QNM frequencies in the NEK limit than [6]. In our
original studies we found no evidence for such modes.
In this Reply to [1], we extend our analysis to the ex-
tremely small values ( . 10−9) where Hod predicts that
the QNMs should obey Detweiler’s analytic prediction
and asymptote to finite decay. As a particular example,
for the case of (s, l,m) = (2, 2, 2), Eqs. (7) and (8) of [1]
predict the QNM frequencies to be
ω = mΩH +$n , (1)
with
$n ≈ (0.162− i 0.035)e−1.532n , (2)
a value first suggested to us by S. Hod in previous com-
munication. We reiterate that this prediction for ω has
a leading-order part which is independent of , although
supposedly this prediction only holds at very small values
of .
II. NUMERICAL EXPLORATION
We have searched for this behavior in the case of
(s, l,m) = (2, 2, 2) in two ways, which we discuss below.
Both methods rely on our implementation of Leaver’s
continued fraction (CF) method [7]. We numerically
search for the zeroes of a continued fraction as we vary
ω, and we get accurate results for high spin param-
eters by actually varying the rescaled frequency ω˜ =
(ω −m/2)/√.
Our first method is to track the frequencies of the
first seven overtones of the (2, 2, 2) mode as we increase
the spin parameter from a value well below where Hod
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FIG. 1. QNM frequencies at high spins for the first seven over-
tones of the (2, 2, 2) QNMs, scaled by the asymptotic behavior√
. The set of points with the lowest decay rates (blue) cor-
respond to the n = 0 QNMs at each , and each successive set
of points corresponds to n = 1 through n = 6. The solid lines
correspond to the analytic NEK approximation discussed in
[2, 3, 6]. We also plot the proposed decay rates from Eq. (2)
(dashed lines), from n = 0 (upper right) to n = 5 (lower left),
which vary with  only because of our scaling in this plot.
predicts new mode behavior (a = 1 − 10−4) to a value
well above (a = 1 − 10−11). The frequencies at a given
spin parameter are used iteratively to seed the frequency
search at the next higher value. Alternatively, we seed
the search using our analytic approximation [2, 3, 6] at
each value of a when our search jumps to another family
of overtones. In this way, we have no difficulty identi-
fying the QNMs and tracking them as we increase a to
nearly extremal values. None of the modes asymptotes
to a fixed value of ωI during this search, even though
these QNMs pass through the values given by Eq. (2) in
the regime of high spin parameter. In fact, all the modes
are well fit by the analytic NEK predictions of [2, 3, 6],
as illustrated in Fig. 1. Note that we use the convention
ω = ωR − iωI , so that ωI is positive when the modes
decay.
This search indicates that if the QNMs discussed by
Hod exist, they are not the NEK limit of the QNMs that
exist at lower values of a. Rather, they must sponta-
neously appear at some large value of the spin parame-
ter, for example by emerging from a branch cut in the
complex ω plane. This behavior seems unlikely given the
analytic dependence of the Teukolsky equations on a [8],
but see [9].
Our second method, which we found useful in our orig-
inal studies, is to evaluate the CF throughout a region
of the complex plane, and plot contours of constant CF
value. The QNMs appear in regions where the CF is ap-
proximately zero, with closed contours clustering around
these points. In Fig. 2 we show the absolute value of
the CF at the spin parameter a = 1 − 10−10 in a re-
gion near the n = 2 QNM frequency predicted by Hod,
ω = 1.00755− i 0.00163. We see no sign of a QNM. The
CF values are ∼ 103.6, which should be compared to the
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FIG. 2. Contours of constant magnitude of the continued
fraction in the complex ω = ωR − iωI plane for the (2, 2, 2),
n = 2 (second overtone) QNM. The spin parameter is a =
1 − 10−10. The contours range from 103.638 (lower left) to
103.653 (upper right) in logarithmic steps of 0.001. The +
marks the postulated DM frequency for n = 2.
CF values of. 10−14 for the QNM frequencies of Fig. 1 at
this value of a. Note that Fig. 2 is densely sampled, with
400× 400 points plotted. In order to make such a dense
sampling with a reasonable computational cost, we aug-
ment our continued fraction with a high-order and highly
accurate analytic approximation for sAlm [10]. We have
also computed the CF in the region around the n = 2
prediction for a = 1 − 10−9, and similarly for the n = 0
predictions at these two values of the spin parameter,
with no sign of a QNM.
III. ANALYTICAL ARGUMENT
The absence of the DMs discussed in Hod’s Comment
raises the concern that there is an error in the deriva-
tion of the frequencies in [4]. A careful review of this
derivation reveals a possible issue. As discussed originally
in [11], the QNM frequencies are found in the nearly ex-
tremal case by a matching condition between two asymp-
totic solutions. The first (inner) solution is found in a re-
gion where (r−r+)/r+  1 using a scaled radius variable
z = −(r − r+)/(r+ − r−). The second (outer) solution
is found where x = (r − r+)/r+ 
√
. These two solu-
tions have a region of overlap where
√
  x  1. The
outgoing wave condition fixes the outer solution up to an
overall normalization, and consistency with the large |z|
3limit of the inner solution constrains the QNM1.
With the standard normalization that the amplitude
of the QNM wavefunction is unity at the horizon, the
inner solution has the form
Rlmω = (−z)κ/2−s(1− z)−iκ/2−2ir+ω−s2F1(α, β, γ, z) ,
(3)
where α = −2ir+ω−s+1/2+iδ, β = −2ir+ω−s+1/2−iδ,
γ = 1− s+ iκ and κ = −4r+(ω−mΩH)/(r+− r−). Here
δ is an analogue for the angular eigenvalue; δ2 > 0 for
µ & µ∗ and δ2 < 0 for µ . µ∗. In the large negative z
limit, the solution becomes [12]
2F1(α, β, γ, z)→Γ(γ)Γ(β − α)
Γ(γ − α)Γ(β) (−z)
−α
× 2F1
(
α, α− γ + 1, α− β, z−1)
+
Γ(γ)Γ(α− β)
Γ(γ − β)Γ(α) (−z)
−β
× 2F1
(
β, β − γ + 1, β − α, z−1) . (4)
The above formula should be compared to Eq. (A9)
in [11], where this matching is first discussed, and where
both hypergeometric functions are taken to be 1 in
the z → ∞ limit. In [4] and [1], the assumption is
made that ω − mΩH becomes finite while r+ − r− de-
creases to zero, which means that κ → ∞. How-
ever, this invalidates the matching procedure, since now
in addition to z−1 → 0, |γ| also asymptotes to ∞.
As a result, the functions 2F1
(
α, α− γ + 1, α− β, z−1)
and 2F1
(
β, β − γ + 1, β − α, z−1) no longer asymptote
to 1, which conflicts the matching requirement imposed
in [3, 11] and assumed in [4]. In other words, the asymp-
totic form of QNMs assumed in [1, 4] violates the condi-
tion for their baseline equation (Eq. (9) of [4]) to hold in
the first place. If one applies that baseline equation in
the wrong range of validity, i.e. with ω −mΩH remain-
ing finite in the a → 1 limit, one can find the spurious
solutions in [1]. Figure 3 shows that when κ ∼ 1/√ and
z ∼ r0/
√
 (with r0 = 0.001) both approach large values,
then the two hypergeometric functions have the wrong
asymptotic limits for the matching.
IV. CONCLUSIONS
We conclude that there is no evidence for the proposed
damped modes when µ & µ∗. The matching calculation
which leads to these modes appears to be flawed, and a
direct search using Leaver’s method gives no evidence for
these modes.
1 We take this opportunity to point that in the matching calcu-
lation of [3] the signs in front of the factors of s in Eqs. (3.9)
and (3.16) are incorrect and must be reversed; however the re-
sulting Eq. (3.17) is correct.
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FIG. 3. Plot of the two hypergeometric functions in Eq. (4) as-
suming the scalings in the Comment, with l = m = n = s = 2.
The solid lines represent the magnitudes of the real (black)
and imaginary (red) part of 2F1
(
α, α− γ + 1, α− β, z−1).
The dashed lines represent the magnitudes of the real (black)
and imaginary (red) part of 2F1
(
β, β − γ + 1, β − α, z−1).
The different scaling behaviors make the matching impossible.
There is still room for further understanding on how
the DMs arise in the µ . µ∗ case. These DMs cannot be
treated through the matching analysis that reveals the
ZDMs, since their frequencies are not near the horizon
frequency ΩH in the extremal limit. They can be under-
stood qualitatively through a WKB analysis [13], which
indicates that these modes are associated with a region
outside of the near-horizon region where the ZDMs are
primarily localized [2, 3, 14]. The WKB analysis gives
a good prediction for the lowest overtone DM in each
case, and high order approximations can improve this.
Presently, numerical searches are the only way to accu-
rately compute all of the DMs in each case where µ . µ∗.
We hope that continued interest in the problem leads
to new analytic techniques and further understanding of
these modes in the future. In particular, open questions
include how many modes of a given (s, l,m) asymptote
to finite decay in the extremal limit, and at what spin
the spectrum bifurcates into two branches.
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